We propose an elegant and concise general method for the solution of a problem involving the interaction of a screw dislocation and a nano-sized, arbitrarily shaped, elastic inhomogeneity in which the contribution of interface/surface elasticity is incorporated using a version of the Gurtin-Murdoch model. The analytic function inside the arbitrarily shaped inhomogeneity is represented in the form of a Faber series. The real periodic function arising from the contribution of the surface mechanics is then expanded as a Fourier series. The resulting system of linear algebraic equations is solved through the use of simple matrix algebra. When the elastic inhomogeneity represents a hole, our solution method simplifies considerably. Furthermore, we undertake an analytical investigation of the challenging problem of a screw dislocation interacting with two closely spaced nano-sized holes of arbitrary shape in the presence of surface stresses. Our solutions quite clearly demonstrate that the induced elastic fields and image force acting on the dislocation are indeed size-dependent.
We propose an elegant and concise general method for the solution of a problem involving the interaction of a screw dislocation and a nano-sized, arbitrarily shaped, elastic inhomogeneity in which the contribution of interface/surface elasticity is incorporated using a version of the Gurtin-Murdoch model. The analytic function inside the arbitrarily shaped inhomogeneity is represented in the form of a Faber series. The real periodic function arising from the contribution of the surface mechanics is then expanded as a Fourier series. The resulting system of linear algebraic equations is solved through the use of simple matrix algebra. When the elastic inhomogeneity represents a hole, our solution method simplifies considerably. Furthermore, we undertake an analytical investigation of the challenging problem of a screw dislocation interacting with two closely spaced nano-sized holes of arbitrary shape in the presence of surface stresses. Our solutions quite clearly demonstrate that the induced elastic fields and image force acting on the dislocation are indeed size-dependent.
Introduction
The elastic interaction between dislocations and fibres (often represented as elastic inhomogeneities) is a
Preliminaries and basic formulation (a) Bulk and interface elasticity
The equilibrium and constitutive equations of the isotropic bulk solid are given by σ ij,j = 0, σ ij = 2με ij + λε kk δ ij , ε ij = 1 2 (u i,j + u j,i ), (2.1) where comma denotes differentiation; i, j, k = 1, 2, 3; λ and μ are Lame constants; σ ij and ε ij represent, respectively, the stress and strain tensors in the bulk material; u i is the ith component of the displacement vector u and δ ij is the Kronecker delta. The equilibrium conditions on the interface incorporating interface/surface elasticity can be expressed as [4, 6, [12] [13] [14] [σ αj n j e α ] + σ where α, β = 1, 2; e α are two orthonormal bases tangential to the interface, n i represents the unit normal vector of the interface, [ * ] denotes the jump of the quantities across the interface; σ s αβ represents the surface stress tensor and κ αβ describes the curvature tensor of the surface. In addition, the constitutive equations on the isotropic interface are given by (for detailed derivations, see [4] [5] [6] where ε s αβ represents the surface strain tensor, σ 0 is the surface tension, λ s and μ s are surface Lame constants and ∇ s is the surface gradient. 
(b) Complex variable formulation
For the anti-plane shear deformation of an isotropic elastic material, the two shear stress components σ 31 and σ 32 , out-of-plane displacement w = u 3 and stress function φ can be expressed in terms of a single analytic function f (z) of the complex variable z = x 1 + ix 2 as [18] σ 32 + iσ 31 = μf (z), φ + iμw = μf (z), (2.4) where f (z) = df (z)/dz. Let t 3 be the only non-zero traction component along the x 3 -direction on a boundary L. If s is the arc-length measured along L such that, when facing the direction of increasing s, the material is on the left-hand side, it is readily shown that [18] 
3. Interaction between a screw dislocation and a nano-sized inhomogeneity of arbitrary shape
As shown in figure 1 , we consider a domain in R 2 , infinite in extent, containing an arbitrarily shaped elastic inhomogeneity, with its elastic properties distinct from those of the surrounding matrix. The linearly elastic materials occupying the inhomogeneity and the matrix are assumed to be homogeneous and isotropic with the associated shear moduli μ 1 and μ 2 , respectively. The matrix is subjected to uniform anti-plane shear stresses σ ∞ 31 and σ ∞ 32 at infinity, uniform anti-plane eigenstrains ε * 31 and ε * 32 are imposed on the inhomogeneity, and a screw dislocation with Burgers vector b z is lodged at z = z 0 in the matrix. We represent the matrix by the domain S 2 , and assume that the inhomogeneity occupies the region S 1 . The inhomogeneity-matrix interface is denoted by L. In what follows, the subscripts 1 and 2 (or the superscripts (1) and (2)) will refer to the regions S 1 and S 2 , respectively.
If we assume that the interface L is a coherent one (i.e. ε s αβ = ε αβ ), then it follows from equations (2.2) and (2.3) that the interface conditions along L can be described specifically by the equations
where s is the surface Laplacian operator, and w * = (ε * 13 − iε * 23 )z + (ε * 13 + iε * 23 )z is the additional displacement within the inhomogeneity induced by uniform (stress-free) anti-plane eigenstrains ε * 13 and ε * 23 . In view of equation (2.5), the expression (3.1) can be equivalently written as
where s increases counterclockwise around L. In order to solve the boundary value problem, we first introduce the following conformal mapping function
where R is a real scaling constant and m n (n = 1, 2, . . . , +∞) are complex constants. |R| can be considered as a parameter measuring the size of the inhomogeneity. The mapping function (3.3) conformally maps the region occupied by the surrounding matrix S 2 onto |ξ | ≥ 1 in the mapped ξ -plane. The analytic function f 1 (z) within the inhomogeneity can be expanded into the following Faber series [19, 20] 
where a n , (n = 1, 2, 3, . . . , +∞) are unknown complex constants to be determined, and P k (z) is the kth degree Faber polynomial which can be expressed explicitly as
Here, the coefficients β k,n are determined by the following recurrence relations [19] 
Without loss of generality, we write f 2 (z) = f 2 (ω(ξ )) = f 2 (ξ ), the continuity condition of displacement across the interface |ξ | = 1 in equation (3.2) 1 can then be expressed as The singular part f 2s (z) of f 2 (z) at z = z 0 is f 2s (z) = b z /(2π ) ln(z − z 0 ); and the asymptotic behaviour of f 2 (z) at infinity is f 2 
Consequently by applying Liouville's theorem and noting the above fact, we arrive at the following expression for f 2 (ξ ) from equation (3.9)
Using equation (2.4) 2 , the interface condition (3.2) 2 on the interface |ξ | = 1 can then be expressed in terms of f 1 (ξ ) and f 2 (ξ ) as
where
Inserting the expressions for f 1 (ξ ) and f 2 (ξ ) from equations (3.7) and (3.10) into equation (3.11), we obtain
where γ = (μ s − σ 0 )/(|R|μ 2 ) is a size-dependent dimensionless parameter for the interface L, b 0 is an unknown real constant which should be taken into consideration in the analysis, and
In view of the fact that is a periodic real function of θ of period 2π , then |ω (ξ )|/|R| can be expanded into the following Fourier series
Insertion of the Fourier series (3.14) into equation (3.12) yields
The left-hand side of equation (3.16) can be further rewritten in the form
Substituting the above results into (3.16), we obtain Equating coefficients of powers of ξ in equation (3.18) , we arrive at the following set of linear algebraic equations
Truncating the infinite system of linear algebraic equations in equations (3.13) and (3.19) at a sufficiently large number of terms N, we obtain 4N + 1 independent linear algebraic equations for the 4N + 1 unknowns b 0 , a n ,ā n , b n ,b n , (n = 1, 2, . . . , N). These unknown coefficients can then be uniquely determined. In the following, we rewrite (3.13) and (3.19) in matrix form to facilitate the analysis. Equation (3.13) is written in matrix form as 20) where the superscript 'T' denotes transpose, and
with j b , j σ and j ε being three loading vectors arising from the screw dislocation, remote loading and imposed eigenstrains. These three loading vectors are explicitly given by
Meanwhile, equation (3.19) can also be rewritten into the following matrix form:
and 
Substituting equation (3.20) into equations (3.24) and (3.25), we obtain
and
Inserting equation (3.27) into equation (3.28) and eliminating b 0 , we arrive at
which leads to the N-dimensional vector a as 30) where G 1 , G 2 and h are defined by
Because G 1 and G 2 contain the size-dependent parameter γ , the vector a containing the coefficients in the Faber series is also size-dependent. This fact implies that the induced elastic fields both in the inhomogeneity and in the surrounding matrix are size-dependent. The above analysis also indicates that when discussing an inhomogeneity with interface stresses, there is no correspondence principle for the internal stress field between remote loading and imposed eigenstrains on the inhomogeneity unlike the case of an elliptical inhomogeneity with springtype imperfect interface [21] . This fact can be clearly observed from the additional terms on the right-hand side of equation (3.11) which are due to imposed eigenstrains. In fact, our analysis also suggests that the correspondence principle in Shen et al. [21] is no longer valid for a non-elliptical inhomogeneity with a homogeneous spring-type imperfect interface. Using the Peach-Koehler formula [1] , the image force acting on the screw dislocation in the presence of remote uniform loading and imposed eigenstrains can be simply derived from equation (3.10) as
where F 1 and F 2 are the x 1 and x 2 components of the image force. Equation (3.32) indicates that both the magnitude and direction of the image force are size-dependent.
Interaction between a screw dislocation and a nano-sized hole of arbitrary shape
The problem of a screw dislocation interacting with a nano-sized arbitrary shaped hole with surface stresses is also of physical relevance. The results in §3 continue to apply to the present in the limit as μ 1 → 0. However, in this case, the method is rather cumbersome and inconvenient mainly because of the fact that we continue to have to deal with the complicated Faber series introduced to address an elastic inhomogeneity of arbitrary shape. Here, we adopt a more straightforward method to solve the interaction between a screw dislocation and an arbitrary shaped nano-sized hole incorporating surface elasticity. It follows from equation (3.2) that the boundary condition on the surface of L can be written as
where φ and w pertain to the surrounding matrix. As a result, it follows from equations (2.4) 2 and (4.1) that the analytic function f (z) = f (ω(ξ )) = f (ξ ) defined in |ξ | ≥ 1 should satisfy the following boundary condition
We can construct f (ξ ) as follows
3) where c n , (n = 1, 2, 3, . . . , +∞) are unknown complex constants to be determined. Apparently, the sum of the last four terms on the right-hand side of equation (4.3) does not contribute to the right-hand side of condition (4.2).
Inserting equation (4.3) for the expression of f (ξ ) into equation (4.2), we obtain
where γ = (μ s − σ 0 )/(|R|μ) is the size-dependent dimensionless parameter for the surface L, d 0 is an unknown real constant, and Inserting the Fourier series expansion (3.14) into equation (4.4) and then equating the coefficients for the same power of ξ , we can finally arrive at the following set of linear algebraic equations 
Substituting equation (4.7) into equation (4.8) and (4.9), we obtain
Inserting equation (4.11) into equation (4.12) and eliminating d 0 , we arrive at
which can be easily solved to arrive at the N-dimensional vector c as
It is also observed from equations (4.14) and (4.15) that (i) once the Fourier series expansion of |ω (e iθ )| is determined by equation (3.14), the vector c can be determined; (ii) the induced stress field in the matrix and the magnitude and direction of the image force acting on the screw dislocation are size-dependent.
Interaction between a screw dislocation and two nano-sized holes of arbitrary shaped
In §4, we have discussed a screw dislocation interacting with an arbitrary shaped hole with surface stresses. Here, we further consider the more challenging problem of an infinite matrix matrix (m) weakened by two closely spaced arbitrary shaped holes with surfaces stresses, as shown in figure 2 . The left and right surfaces are denoted by L 1 and L 2 , respectively. In addition, a screw dislocation with Burgers vector b z is located at z = z 0 in the matrix, and the matrix is also subjected to uniform anti-plane stresses σ ∞ 31 and σ ∞ 32 at infinity. We consider the following conformal mapping function
where R is a real scaling constant and p n , p −n , (n = 1, 2, 3, . . . , +∞) are complex constants. The mapping function (5.1) conformally maps the matrix region (excluding the two holes) onto the annulus 1 ≤ |ξ | ≤ ρ. The left surface L 1 is mapped to the inner unit circle |ξ | = 1, whereas the right surface L 2 is mapped to the outer circle |ξ | = ρ, z = ∞ is mapped to ξ = δ. f (ξ ) is assumed to take the following form
where , 2, 3 , . . . , +∞) are unknown complex constants to be determined. As in equation (4.1), the boundary conditions on the two surfaces L 1 and L 2 can be written as
where the superscripts (1) and (2) Similarly, the boundary condition on L 2 in equation (5.4) can be expressed in terms of f (ξ ),
It is noted that there is an additional negative sign '−' on the right-hand side of equation (5.6). Insertion of equation (5.2) into equation (5.5) leads to
0 )/(|R|μ) is a size-dependent dimensionless parameter for the left surface L 1 , q 0 is an unknown real constant, and
In view of the fact that |ω (e iθ )|/|R| is a periodic real function of θ of period 2π , then it can be expanded into the following Fourier series 
Equating coefficients of powers of ξ in equation (5.11), we finally obtain the following set of linear algebraic equations where the definitions of e, Λ, C and D are identical to those given by equation (3.26) , and
. . .
Inserting equation (5.2) into equation (5.6), we obtain 18) where
0 )/(|R|μ) is a size-dependent dimensionless parameter for the right surface L 2 , s 0 is an unknown real constant, and
In view of the fact that |ω (ρe iθ )|/|R| is a periodic real function of θ of period 2π , we can write the following Fourier series 
Equating coefficients of powers of ξ in equation (5.22), we finally obtain the following set of linear algebraic equations where
. . . The analysis carried out in this section indicates that the induced stress field in the matrix is dependent on two size-dependent parameters γ 1 and γ 2 . It is clear that the image force acting on the screw dislocation is also dependent on the two size-dependent parameters. If the two surfaces L 1 and L 2 possess the same elastic properties, i.e. μ (1)
s and σ Finally, as an illustration, we consider the specific mapping function where α is a complex parameter. The above mapping function describes two closely spaced holes of identical shape. It is rigorously verified that if α is a real number, |ω (e iθ )|/|R| ≡ ρ|ω (ρe iθ )|/|R|. The condition ω (ξ ) = 0 for 1 ≤ |ξ | ≤ ρ should be satisfied in order to ensure that the mapping (5.32) is one to one. This condition is equivalent to the fact that all four roots of the quartic equation should lie either in |ξ | < 1 or |ξ | > ρ. If α is a real number, they must lie in the region bounded by the two curves shown in figure 3 . It is observed that −0. 
Conclusion
In this paper, we have incorporated the effect of interface elasticity via the continuumbased Gurtin-Murdoch model into the interaction problem of a screw dislocation near an elastic inhomogeneity of arbitrary shape. The complexities of the discussed boundary value problem lie in the following aspects: (i) the elastic inhomogeneity is of arbitrary shape; (ii) the interface/surface elasticity is taken into account; (iii) the loadings include a screw dislocation in the matrix, remote uniform stresses and uniform eigenstrains imposed on the inhomogeneity. Despite these complexities, an elegant analytical solution has been obtained by means of complex variable techniques and matrix algebra. The size dependency of the elastic fields and image force on the dislocation have been clearly demonstrated from the solutions obtained. We have also incorporated the Gurtin-Murdoch model into the interaction problem of a screw dislocation in the vicinity of two closely spaced holes of irregular shape. An elegant solution to this interaction problem has been derived. The induced stress field and image force rely on two size-dependent parameters γ 1 and γ 2 .
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